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Abstract 

Let be a complex simple Lie algebra, G a simply connected Lie group with Lie algebra q and 
V a module. We will study the irreducibility of G-varieties defined by quadrics in PV. 
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Introduction. 

We will study a question raised in the exercise P, 15.44 Hard Exercise]. Let V = C" be the 
standard representation of s[„(C) and consider the following decomposition 

5'(A'^y) = 002i, 

i>0 

where 02/ is an irreducible representation of sl„(C). Let G''{Gr^{V)) be the p-restricted chordal 
variety of the Grassmannian of subspaces of dimension n - k: that is, the union of chords LM 
joining pair of planes meeting in a subspace of dimension at least k-2p + \ the exercise we 
must prove that the ideal in degree two of G''{Gr''{V)) is 



/(C"(Gr*(y)))2 = 002,-, 



i>P 

and the authors asked what is the actual zero locus of these quadrics?. In the present paper we 
will generalize the situation to the following: 

Let be a simple Lie algebra and let G be the simply connected Lie group with Lie algebra 
g, let y be a representation and G.y c py be the closure of an orbit in the projective space Py. 

Theorem. The zero locus of quadrics in I(G.y)2 is an irreducible variety. 

As an application of this result, we will prove that there exist y e CiGr^iV)) such that 
/(C''(Gr'^(y)))2 = I{G.y)2 and then, the zero locus of /(C''(Gr*(y)))2 is an irreducible variety. 
This gives an answer to the question in |i4j, 15.44 Hard Exercise]. 
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After the previous motivation let's present our notations. We will work with a simple Lie 
algebra g, a module V and a simply connected Lie group G with Lie algebra g. For each y e PV 
consider the orbit G.y Q PV and the zero locus of its ideal in degree two. 

My = {;c € Py I q(x) = e I(G.y)2]. 

We will prove that M, is irreducible. If the closure of the orbit G.y is defined by quadrics, the 
variety My is obviously irreducible. It is equal to G.y. Also, if the vector y corresponds to a 
maximal weight vector of V, then the orbit is automatically closed, (0, p. 388, claim 23.52], for 
example, the Veronese variety, the Grassmannian and partial frags varieties §9.3]. In these 
cases, the variety My is irreducible by trivial reasons (it is an orbit). 

This article is divided in four sections. In section one we give some preliminaries. In section 
two we define the notion of a multi-matrix. The space of multi-matrixes arise naturally in the 
proof of the irreducibility of My. In section three we prove that the variety My is irreducible (see 
[TTT i. First we show in|6]that for every y e V there exist a multi-matrix A such that 

My s {ABA' I B E Cat, rk(ABA') < 1}, 

where Cat is the space of catalectic multi-matrixes (see definitions in |2|. Second, in |9] we 
give a characterization of the space {ABA' | B e Cat], and with this, we prove in [TT] that My is 
isomorphic to the irreducible variety {P^ \ P e imA'} where P^ is the square of the polynomial P. 
In section four we give some applications of the result. 



1. Preliminaries. 

We will work with the universal enveloping algebra of g. 







V n>0 





//, I ^{D®E-E®D-[D,E]). 



Elements of t/g are the classes of non-commutative polynomials in g. Our goal in this section is 
to prove the following 

Theorem. Let y e V, then there exists r E N, (Di, . . .,Dr) e q'', N e such that for every 
Q E Ug, we have 



Ni N,. 



D'I ...D';yD^ ...Di^y 



where the coefficients i'o,...,o> ■ ■ ■ ^ ^2A'i,...,2A',. depends on Q. In a more compact form, the formula 
is 

D'y DJy 



Q(yy)^^b,,j — — . 



i,j={) 

This theorem will help us to study the irreducibility of My. But first let's start with the 
following Lemmas. 
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Lemma 1. Let D - {D\, . . ., D,) e and n e Wq then 



D"; ...D7{yy) ^ y D';...D ';y Dj' . . . Diy 
Hi ! n.. ! ^—i /i ! ;' 



In a more compact notation we have, 

D"(yy) V D'yDJy 



^yy) ^ y ^ y 

i-l- i — n 



i+]=n 

where D'' d\ . . . D^r and k\ := ki\k2\ . . . Kl 
Proof. Given Dr e g, we have 

i. 4^lk\ I V , DHab) ^ DU 0% 

Dtiat)^Y.[ ]iDla)iD^-'b)^^^ ^ ^T^' 

/=() ^ ' p+q=k ' ^ 

The result follows by induction. □ 

We are assuming that the Lie algebra g is simple. For eachpositive root yS, let Xp e g^, 
Yp 6 g"^ and Hp e I) such that [Xp, Yp] - Hp. From a result in [TI, p. 57] we know that if W is 
irreducible and has a maximal weight vector w, then F™' . . . J'^"' w, m,- 6 No, generates W as a 
vector space. In the next Lemma we will prove that there is a similar result without the hypothesis 
on w. 

Lemma 2. Let W be a finite dimensional representation. Given w e W there exists r e N, 
(Di,...,Di-) e with 

Di e {Xp^ , , . . . , Xpi^, Yp^ ], 

such that {D'"' . . . Dl^'w]mi,...,m,.>o generates Uqw as a vector space. In a more compact form, the 
set may be written as {D"'w),„>o. 

Proof. Let pu - . ■ , Ps e t/gw be the maximal weight vectors of the representation Ugw and let 
Pi, . . .,Ps e t/g be the non-commutative polynomials such that P,w = p,. By the Poincar- 
Birkhoff-Witt Theorem, p.486], if El, ... ,Es is a basis of g then every element in Ug is a 
linear combination of the monomials 

{£""... Ef'}, mi,...,m,>0. 

We will consider the basis of g obtained by the root decomposition, 

{Xg, ,Yp^,Hp^,..., % , Yp^, Hpi^ ]. 

Given that H - [X, Y] = XY - YX in Ug we may suppose that H does not appear in the monomi- 
als of Pj. Let Di - Yp^, . . . ,Dk - Ypi_ and let's define D^+i , . . . , Dr. Let D^+i be the first variable 
of the first monomial of Pi, Dit+2 the second variable of the first monomial of Pi, finally let Dr 
be the last variable of the last monomial of P,. 

Note that with all the polynomials formed with the monomials of the form D'"' . . . D™'w, we 
obtain, in particular, the polynomials 

PI Pk PI Pi ^ 

that generates, as a vector space, the whole representation t/gp,. □ 
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Lemma 3. Let V be a finite dimensional representation, r e N and {D\, . . ., Dr) € g'', 

Di 6 {Xp^ ,Yp^,..., Yp^}. 
Given m e V there exist N e Nq such that 

. . . Df'+*'M = 0, \/ki,...,k,> 0. 
/n a more compact form, we may write 

D^^''u = 0, VA: > 0. 

Proof. Assume first that u has a particular weight that is, m e V. If = then Z)™m e 
V^"'^, else if D,. = ¥/} then D'"m e V Given that V is finite dimensional it has finite weights, 
then there exist £ eN such that D^^m - 0. 

Assume now that u is a general vector of V, so we can decompose it as m = 2 where each 
M, has weight . From the previous paragraph we know that for each / there exist {/ such that 
D,.Ui - 0. So if we take the maximum of {{,], there exist £ €N such that D|:m - 0. 

Finally, let's see that for a given u e V, there exist (A^i , . . . , A^,-) e Ny such that 

Let Nr be such that Df' m = 0. Let A^^-i be the maximum of {/',} where €i is such that D^J_^(D'i.u) — 
for < / < A^,. In general, let A^, be such that £>f '(£>^';i . . . D>) = for all < ij < Nj. □ 

Theorem 4. Let y e V, then there exists r e N, (Di,. . . , D,-) e q'', e NJ, such that for every 
Q E Ug, we have 

D'y D 'y 



.! /! 

where the coefficients bo, ... , biN depends on Q. 

Proof. From|2]there exists (Di, . . . , Dr) e g'' such that {Z)"(y}'))«>o generates UQ{yy) as a vector 
space. From [3] there exist A^ big enough such that {D'\yy)]^^Q still generates UQ{yy) and also 
D^^'^y = for k>Q. Finally, 

n=0 «=0 /+ j=n ■' i.j=0 ■' 

The first equality follows because {-D"(3'3'))^fQ generates lJg{yy) as a vector space, the second 
equality follows from [T] and the last equality follows from the fact that D^^^y - for every 
;t>0. □ 
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2. Multi-matrixes. 



The definitions of multi-matrix and multi-vector given here are a particular case of the defi- 
nition of matrix in |ilj . 

Let r € N, for each N ^ (Nu ■ ■ ■ ,Nr) e N;, let 

N:^{(iu...Jr)\0<ik<Nk]. 

A multi-vector is a function v : N_ — > C, equivalently, an element of C— . A multi-matrix is an 
element A e C^^^. 

For each /, j e Wq, let A,j := A{i, j) be the coordinates of the multi-matrix A. 

In the vector space of multi-matrixes we have operations of addition, product and transpose. 
The addition is defined if the multi-matrixes are of the same size. The product AA' is defined if 
A e C^^^, A' e C^^^. 

N 

(a + a% = A;^ + a;., {aa\^Y,^^uKj, {^)ij^Aj, 

k>0 

The notation Yjk>o means Y^keN- 

A multi-matrix B e C— ^— is catalectic if Bij = bj+j for some b € C— . The projective space 
of catalectic multi-matrixes is 

Cat {{B} E C^^^ | By = bi+j, b e C^^). 

Note that a catalectic multi-matrix B is symmetric, B' = B. 

3. The irreducibility of My. 

Let G be a simple Lie group with Lie algebra g, let V be a finite dimensional representation 
and let y e y be a non-zero vector Recall the definition of M, , 

My = {x 6 Py I q(x) = e I(G.y)2]. 

Lemma 5. The variety My may be defined as 

My = {{x)ePV\xxeUg(yy)]. 

where Ugiyy) is the smallest Q-module that contains yy & S ^{V). 

Proof. Consider the vector space generated by the elements of the form g.yy e S^(V), 

S ^{g.yy\geG)csHn 

The vector space S is the smallest G-module that contains yy. Using the G-isomorphism (p : 
S^iV"^) — > S^{Vy we can identify a quadratic polynomial q 6 I(G.y)2 with a linear functional 
(pq such that (pgixx) - 2q(x). In fact we have the following, 

S° :={0e52(y)''|0(i) = OVie5) = 
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.gy)^OVgeG} = 



iqeS^V)] q(gy) = € Gl = I(G.y)2. 
Given that S is the smallest G-module that contains yy, it is equal to the g-module UQ(yy), then 

My = {x € Py I qix) = e IiG.y)2} ^{xeFV\ (pg(xx) = € I(G.y)2] = 

{xePV\(l>{xx) = OV0 e5°} = {xeFV\xxeS] = {xeFV\xxe UQiyy)]. 

□ 

Theorem 6. Let y e V and { — dim V, then there exists a multi-matrix A e C^^— depending on y 
such that 

My s 0A(Cflf) n ^ 

where 4>a{B) — ABA' and 'V is the Veronese variety, = {{xx*) \ x e C'^^' }. Note that the space 
(pAiCat) n "V consist of symmetric € X {-matrixes, i.e. <pA(Cat) fi "V c P5^(C^). 

Proof. Consider the Veronese map V2, 

V2 : Py ^ FSHV), (x) (xx). 

Its image is the Veronese variety "V. From |5, exercise 2.8] we know that M,. = V2(My), 

V2{My) = {{xx) I (x) 6 My] = {(xx) I XX € UQiyy)] = {(xx) | xx = Q(yy), Q e Uq]. 

Fix a basis of V, {v^jj, then we can write the elements D'y/i\, 



then, by|4]we have 



D'y ^ 



Qiyy) = 2j jr " 1j 1j bi+jaikaj, 

i,j=0 ■ ■'■ k,l=l \i.j=Q 



VkVl- 



The element Qiyy) is of the form xx, where x = ^Li '^'t^'t ^'^^y i^' 

/Ia:Va:)(^ AlVi) = <!=> ^ bi+jaikaji = /li/i/, V^, / <= 

k=l 1=1 ij=0 

where B e C^^^ and A € C^^^ are such that Bij = bi+j, Au = a,*:. 



{ABA') e 0^. 



□ 



With this theorem at hand, we can now prove the irreducibility of M, . First we will charac- 
terize (pAiCat) and then its intersection with 'V. Let's introduce some notations. 
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Notation 7. Let Vi,V2 QVhe two linear subspaces, then we will denote 

V1.V2 := Vi ® Vi V2 ® Vi QS\V). 

Another notation that we are going to use is the map ju ; S^iC—) — > C— . Given two 
multi- vectors f,g € C— , let fiif.g) be the multi- vector in C— defined by 

fai 8a2 • 

We will call ji the polynomial multiplication or the convolution product. This is because an 
element / e C— may be considered as a polynomial in r variables of degree A'; the coefficient 
of the monomial a = (ii,..., ir) € ^ is f{a), then for f,g & C— , we may consider the product 
txif.g) 6 C2^. 

The following Proposition gives an isomorphism between (/>A{Caf) and P(ju(imAMmA')^). 
This isomorphism is the restriction of the following one: 

Lemma 8. There exist an isomorphism between the projective space of catalectic multi-matrixes, 
Cat, and the dual of the image of p : S ^(C— ) — > C— , 

Cat ^Vp{S^{<&-)y , B-^b'. 

where b e C— is a multi-vector that defines B and the associated linear functional b' : C— — > C 
is b'ix) = b'x. 

Even more, B : 5^(C— ) -^C as a symmetric form, x'By, is equal to the symmetric form 
b'ofi: S^iC^) C given by b'{p.{x.y)). 

Proof. First of all, let's see that the map p is surjective. Let x, be the multi-vector that has a 1 
in the i-th place and in the rest. The multi-vectors {x,},<2iv generate C— and also, x, e im(/z). 
Then p is surjective. 

The definition of a catalectic multi-matrix B implies that there exist a multi- vector b e C— 
such that Bij = bi+j. It is easy to see that this multi-vector b is unique, suppose b, b' defines the 
same catalectic multi-matrix, then 

bi = Bio = b'i, bN^j = Bnj = b'f^^j, 0<i,j<N^b = b'. 

Note that the multi-vector b is the concatenation of the 0-row and AT-column of B. 

Finally, we have defined a linear isomorphism B ^ b' and also, 

xf^Bxj = Bij = bi+j = b'(p(xi.Xj)). 

□ 

Proposition 9. Let p : S ^(C-) — > C— be the polynomial multiplication. Let A e C^^^, then 

(pAiCat) —>■ ¥p{imA'.imA'y, ABA' bX(^imA' .imA<). 

is a linear isomorphism. We will identify multi-matrixes ABA' with functionals on p{imA'.imA'). 
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Proof. Let B be a catalectic multi-matrix, b e C— its associated multi-vector and let A e C^^— . 
Let X, be the multi-vector that has a 1 in the ;-th place and a in the rest, then 

(ABA')ij = x'lABA'xj = (x,A')'B(A'jCj) = b'iniA'xi.A'xj)). 

Let's see that the following Unear map is well defined and has an inverse, 

cpAiCat) F(MiimA'.imAY), 

ABA' > ^'|;,(iinA'.imA')- 

Suppose ABiA' = AB2A' then 

b',(MiA'xiA'xj)) = iABiA% = iAB2A% = b{(jxiA'xi.A'xj)). 

Suppose ^ J l^(imA'.imA') = b^lfiiimA'.imA') then 

iABiA% = b>^(j^iA'xi.A'xj)) = b{(MiA'xi.A'xj)) = (ABjA^j. 

□ 

By now we have the isomorphism (pAiCaf) = Pyu(imA'.imAO^, but we need to characterize 
those hnear functionals that corresponds to multi-matrixes {ABA') e "V. In the next Theorem, 
we will prove that the following map parameterize them. 

Lemma 10. Let A € C^*^— then the following map is well defined 

: Gr\imA') ¥fi{imA' .iniA'Y , W p{W.imA')° = (0), 

where Gr^(imA') is the variety of hype rp lanes in iniA' and the symbol o is the annihilator of 
vector spaces niW.imA') c /x{imA' .imA'), that is, ker0 = fi{W.imA'). 

Proof. Let's see first that the map 

Gr'(imA') ^ Pfi(imA' AmA')" , W /z(W.imA')° = W 
is well defined. Let W e Gr' (imA') and consider the following short exact sequence 

^ ker/i n iW.imA') W.imA' fxiW.imA') 0. 

Let K := ker/i n (imA' .imA') and given that W c imA' we have 

kerju n (WimA') = ker// n (W.imA') n (imA'.imA') = Kn (W.imA'). 

Let's see that in fact K c W.imA'. Let v e imA' be such that (v)®W - imA', then (v.v)®W.imA' = 
imA'.imA'. Given that v # we have 

ju(v.v) ,t => v.v ^ /sT => (v.v) nK = 0^ KQ W.imA'. 

In other words, for any W e Gr'(imA') we have K c W.imA' then the following two short 
exact sequences have the same kernel K, 

O^K^ WirnA' //(WimA') 0, 
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0^ K imA'.imA' ij(imA' AmA') — > 0, 
then /j.{W.imA') is a hyperplane of /i(imA'.imA'), so the following morphism is well defined, 

Gr'(imA') Gr'(/z(imA'.imA')), W -> fi(W.imA'). 

Identifying Gr' (/z(imA'.imA')) with Pju(imA'.imA')^, for every hyperplane W c imA', there exist 
a functional : //(imA'.imA') — > C such that fi(W.imA') = ker 0, specifically, 

Gr'(imA') ^ PAi(imA'.imA')'', ^ ju(W.imA')° = <0). 

□ 

We are now in the position to prove the irreducibility of My, 

Theorem 11. Let A e C-^^— then (f>A(Cat) n "Y is irreducible. As a corollary, given y & V there 
exist a multi-matrix A such that My = (p^iCat) n 'V (see\6^, then the variety My is irreducible. 

Proof. Let's see first that the image of *P corresponds to multi-matrixes ABA' E (for the 
definition of seefTOll. 

From|9]we know that the multi-matrix ABA' has associated a functional /7'|;j(iinA'.im4')- Even 
more rk(ABA') < 1 if and only if there exist a codimension one hyperplane W c imA' such that 
x'ABA'y - for all A'y e W and for all A'x e imA'. This is equivalent to b'(jx(A' x.A'y)) - for 
all A'y € W and for all A'x € imA', i.e. 

rk(ABA') < 1 ^ 3W 6 Gr'(imA') |;/(WimA') c ker(?|^(i^,.i^,)), 

where Gr'(imA') is the variety of hyperplanes in imA'. 

We know from [10] that /v(W.imA') is an hyperplane of yu(imA'.imA'), and then the kernel of 
b'\f2(imA'.iinA') must be equal to yu(W.imA'). In other words, the image of corresponds to those 
functional whose kernel are equal to ju( W.imA') for some W 6 Gr ' (imA'), equivalently, the image 
of ^i* corresponds to multi-matrixes ABA' E 'V. 

Summing up, we have the following isomorphisms that implies the irreducibility 

MCat) n = {{ABA') I rk(AfiA') < 1 ) = 

{{ABA') I 3W E Gr'(imA'), ju(W.imA') c kerb>] s 

{{b'\;,(imA'.imA')) I 3W E Gr'(imA'), fi(W.imA') = ker b'^^i^, = 

{ju(WimA')° £ P;u(imA'.imA')'' | W e Gr'(imA')). 

Let's characterize the last variety. Consider an inner product in imA' and for every W £ Gr' (imA') 
let (v) = W-"". From the proof offTOlit is easy to see that //(v.v) © ju(W.imA') = //(imA'.imA'), then 

{ju(WimA')° I W £ Gr'(imA')) s {{fj.(v.v)) \ v £ imA') c P^(imA'.imA'). 

□ 
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4. Applications. 



Corollary 12. Let V be a representation of a simple Lie algebra q. Let G be a simply connected 
Lie group with Lie algebra g and let X C Py be a variety stable under G with a dense orbit 
G.y. Then My is the intersection of quadrics that contains X, My is an irreducible variety and 

I(X)2 = /(M,)2. 

Proof. Follows from the fact that the smallest g-module that contains yy e S^(V) is the same as 
the smallest G-module that contains yy e S^{V), that is, L'0(3'3') = (G.yy). Then 

I(X)2 = {q\q(x) = 0, X e X) = {q\q(g.y) ^ 0, g e G] ^ 

{q I qiiG.yy)) ^0]^{q\ qiUQiyy)) = 0} = UQiyyT = /(M,)2. 
Recall that My is generated in degree two. □ 

Remark 13. In ^ 1.3.29] there is a sufficient condition for a variety to have a dense orbit. It 
says that when the action of G in V has a finite number of orbits, any ureducible G-stable variety 
X c py is the closure of an orbit G.y. 

In the next Theorem we will give another result that guaranties that the base-locus of quadrics 
containing a variety is irreducible. The hypothesis is over the module V independently of the 
varieties. But first we will need a Lemma: 

Lemma 14. Let W be a Q-module and let w - w\ + . . . + Wk &W, with wi e W,-, w,- ^ and W; a 
simple submodule ofW (I < i < k). Suppose that Wi ^ Wjfor i + j then 

Ugw^Wie...eWk 

Proof. Let p, be a maximal weight vector of W, of weight w, (1 < / < k). Given that W, ^ Wj 
the weights w,- e f)^ are all different (|7, p. 58]). 

Case one: Assume that w - pi + . . . + pit is a sum of maximal weight vectors. Given that they 
are all different, there exist P e Ug such that Pw = Pp, + for some \ < i <k. On the other 
hand, given that Ppi + 0, it generates the whole submodule W, and then there exist Q^Ug such 
that QPw — Pi. Finally we proceed by induction for w - pi. 

Case two: \lw - w\ + . . . + Wk then there exist P e Ug such that Pw is a sum of maximal 
weight vectors. Then apply case one. □ 

Theorem 15. Let V be a G-module such that S^iV) = Wi © . . . e W*, W,- ^ Wj. Let XQFV be 
an irreducible G-stable variety. Then there exists a generic y & X such that 

My = {(x) € py I q(x) ^OVqe I(X)2]. 

In other words, the intersection of the quadrics that contains X is an irreducible variety. 

Proof. Let C c y be the irreducible cone associated to X c Py. LetS x be the smallest submod- 
ule of 5^(y) that contains {cc\c € Cj. Given W, c Sx, let ;r, : S^(V) Wi be the projection to 
Wi and 

Hi :- {TTi = 0) = kerTT/. 
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Note that S x ^ Hi and given that Hj is a module, we have {cc\c e C} ^ H/. 



Let H .- (J, Hi, then {cc | c 6 C) \ // is a Zariski dense subset of {cc\c e C). Then there exist 
a generic yy i H such that y e C. 

= ^ aiWi a,- = TrKyy) ^ U^iyy) ^ Sx- 

The last impUcation follows from[Tl Finally I(X)2 = 5 ° = Ug(yy)° = /(M^)2. □ 

Remark 16. With this Theorem we can answer the question of the exercise 10, 15.44 Hard Ex- 
ercise] (see the Introduction of this paper). Using the fact that 5^(A*y) has a decomposition into 
non-isomorphic simple submodules, 

S\A'V)^^&2i, 

!>() 

and that the p-restricted chordal variety C''(Gr''{V)) is irreducible we can say that the intersection 
of all the quadrics that contains CiGr'^i'V)) is an irreducible variety. 

Corollary 17. Let V be a G-module such that S\V) ^ Wi ® . . .®Wk, Wi ^ Wj. Let X QVV be 
a G-stable variety defined by quadrics. Then there exists xi, . . .,Xs &X such that the irreducible 
components ofX are of the form X — M^, U . . . U M^^. 

Proof. Let X - XiU . . .UXghe the decomposition of X into irreducible components. Let xi e Xi 
be a generic element and consider the irreducible variety Mj, defined by I(Xi)2, then 

/(M,,)2=/(^l)2 2/m2 

Given that Mj, and X are defined by quadrics, Mj, c X, also, Xi c Mj^ ■ Being Mj^ irreducible, 
we have Mj, = Xi . Repeat this for the remaining components X,, 2 < i < s. □ 

Corollary 18. Let V be a G-module such thatS^iV) = Wi e . . . © W/ ^ Wj. Let X cFV 
be a G-stable variety defined by 

I(X)2 = Wi © . . . © 

then X is irreducible. Even more, if the ideal in degree two is 

I(X)2 = W,^i ®...®Wk 

then X has at most (p(s) irreducible components ( it could be irreducible like in\T6\ or even empty). 
The set function (p(s) count the maximum number of subsets {Si,... ,S,p(s)} of a set of s elements 
such that Si ^ S j. We have (p(l) = l,<p(2) = 2, ip(3) = 3, ip(4) = 6. 

Proof. First note that 5 ^(V^) has all the simple submodules non-isomorphic if and only if S^(V) 
has all the simple submodules non-isomorphic. Assume now that I(X)2 - W2 © . . . © Wj: then the 
ideal in degree two of an irreducible component Mj^, contains I{X)2, 

/(X)2C/(M,,)2, 

then the simple module W\ is in /(M^ , )2 or not. In both cases X is irreducible. 

Assume now that I(X)2 - Wa+i © ... © W*. Let X = M.„ U . . . U M.,-. be the irreducible 
decomposition of X. The simple submodules of /(Mv, )2 that are not contained in I{X)2 determine 
a subset 5 ; c { 1 , . . . , 5). Note that M.,, ^ M., , if and only \fSi<^Sj. □ 
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